Abstract. Numerical analysis of turbomachinery based on energy method is used to predict the aeroelastic stability of the straight-through labyrinth seal by solving aerodynamic work and damping. The aeroelastic stability of the labyrinth seal under different working conditions and vibration modes has been compared. It's found that the increase of pressure ratio leads to the greater possibility of aeroelastic instability. The periodic distribution of the aerodynamic work in the circumferential direction of the labyrinth seal corresponds to the number of vibrating nodal diameters. In order to investigate the influence of structure parameters, the effect of relative thickness of the tooth tip, the width of the seal cavity and the eccentricity of the rotor on the aeroelastic stability of the labyrinth seal has been studied. The result of numerical calculation shows that the change of the structural parameters can affect the aeroelastic stability of the labyrinth seal to a certain extent, and can be applied in the structural optimization.
Introduction
Labyrinth seals are widely used to limit the fluid leakage in aeroengines. With the improvement of performance requirements, the flutter problem of labyrinth seal has become increasingly serious (Ehrich, F., 1968[1] ). Alford [2] studied the phenomenon of self-excited vibration of labyrinth seal, and believed that friction between the seal components could introduce energy into the vibrating system, increasing amplitude and causing fatigue failure. The changes of gas pressure in seal cavity can also affect the vibration of the system. It was found that the support position at upstream or downstream of labyrinth seal can be selected to prevent self-excited vibration to a certain extent.
The problem of aeroelastic instability was investigated during the development of F100 engines (Lewis, Platt and Smith, [3] ). Through extensive engine tests the instability was finally attributed to the tight clearance of the first (upstream) knife edge and could be eliminated by adjusting it. Abbott [4] showed that when the mechanical frequency is close to the acoustic frequency, the labyrinth seal will have the greatest aerodynamic instability. The aerodynamic damping is negative if the structural frequency is less than the acoustic frequency when the labyrinth seal is supported on the low pressure side. The aerodynamic damping is positive if the structural frequency is less than the acoustic frequency when the labyrinth seal is supported at the high pressure side.
Srinivasan [5] determined the relationship between the aerodynamic forces and the modes, frequencies and geometrical parameters by analyzing the vibration modes of the labyrinth seal. The relationship between the aerodynamic forces and the geometrical parameters was determined by solving the characteristic equation. And the stability of the seal components can be determined by this method. It is believed that increasing the stiffness of the rotating and stator components and decreasing the circumferential velocity of the air flow can increase the stability of the labyrinth seal.
In view of the complexity of flutter prediction, the early flutter studies use an empirical method [6] and experimental method [1] . Amirante, Hills and Barnes [7] used the torsion spring model to perform the finite element analysis of the interstage cavity and the aerodynamic numerical calculation. The finite element analysis software can simulate many characters of the labyrinth seal and save a great deal of computation time and test cost.
In recent years, the numerical method and the basic theory of aeroelasticity of labyrinth seal are mainly derived from the method of predicting flutter of turbomachinery. The energy method proposed by Bendiksen [8] and Carta [9] to calculate the unsteady aerodynamic forces on the oscillating cascade and the work done on the blades in one oscillation period. The aerodynamic work is taken as the criterion for the system to produce flutter.
The energy method developed from flutter prediction of turbomachinery is applied by Sayma [10] to the flutter analysis of the air-riding seal. It is believed that the large axial and radial deformation, vibration of the seal, thermal expansion of the gas, unsteady turbulence, high-speed flow of the seal clearance and other factors led to the interaction of the seal aeroelastic and thermoelastic phenomenon. Phibel [11] showed that the ratio of the mechanical vibration frequency to the acoustic frequency and the support position of the seal have a great influence on the flutter stability. The distribution of aerodynamic work was relevant to the modal shape and the distribution of unsteady pressure.
Phibel [12] also compared the effects of the CFD program and the three-control model and the twocontrol model on the numerical results of the aeroelastic stability of the labyrinth seal. Mare [13] used the energy method to calculate the aeroelastic stability of labyrinth seal, and studied the difference of the aeroelastic stability with differentnumber of teeth.
In this paper, based on the mature computational fluid dynamics (CFD) and computational structural dynamics, a numerical method (Zhang [14] ) of fluid-structure coupled vibration developed to predict the aeroelastic stability of turbomachinery blades has been applied to the labyrinth seal. Influence and sensitivity of seal parameters on aeroelastic stability of labyrinth seal are investigated.
Numerical method

Fluid model
The most commonly used equations for the computational fluid dynamics control equations involved in aeroelastic stability analysis are Navier-Stokes equations, which are developed from the three conservation laws of mass, momentum and energy. In a real flow problem, the flow state is mostly turbulence, and the flow is very irregular in time and space.
Because the gas density is far less than the density of the solid structure, the additional stiffness caused by the gas is far less than the stiffness of the structure, so the additional stiffness of the gas is neglected (Srinivasan [15] ) as done in the vibration characteristic for the labyrinth seal. The mechanical damping is related to structural materials, structural forms and many other factors. It is generally believed that mechanical damping of turbomachinery is much less than that of aerodynamic damping [16] . Therefore mechanical damping is neglected and only the aerodynamic damping is taken into account. The mode shape and natural frequency of labyrinth seal are largely not influenced by unsteady aerodynamic loads.
In general, the structural grids are much sparser than the fluid-domain grids, and the two sets of meshes cannot be completely overlapped at their interface. Therefore, the vibration displacements of the structure element node need to be interpolated to the fluid domain grid point on the fluid-solid coupling interface after modal analysis.
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Overview of Energy method
In general, the mechanical damping of turbomachinery is far less than aerodynamic damping. Therefore, the influence of mechanical damping on aeroelastic stability is often neglected (Kielb and Imregun [16] ) in the prediction of the aeroelastic stability of the labyrinth seal. The aerodynamic damping is used for judging whether flutter occurs in the labyrinth seal.
The excitation force (pressure) applied by the labyrinth seal to the flow field of the seal cavity is given by
The work of excitation force on the flow field in a vibration period
The natural frequency and mode shape of labyrinth seal in the flow field can be solved according to the modal analysis. Then unsteady flow field is analyzed by interpolating the vibrating displacement to the fluid grids as mesh deformation. Mesh deformation is an important component for solving problems with moving boundaries or moving subdomains. The motion of all remaining nodes is determined by the mesh motion model, which is currently limited to displacement diffusion. The displacements applied on domain boundaries or in subdomains are diffused to other mesh points. A transient periodic mesh motion is set that repeats itself at a given frequency.
The aerodynamic force and displacement of the coupled surface are used to calculate the aerodynamic work done by the airflow on the seal in a vibration period after the unsteady analysis, and then the aerodynamic damping is obtained.
The energy dissipated by the aerodynamic damping after the approximate treatment in a certain mode can be expressed as   
By the definition of equivalent viscous damping, there is
Therefore, the modal aerodynamic damping ratio can be expressed as
The modal aerodynamic damping ratio derived from the energy method is proportional to the unsteady aerodynamic work and is inversely proportional to the square of the amplitude and the natural frequency of labyrinth seal. That is, when the amplitude and the natural frequency are constant, the modal aerodynamic damping ratio would increase with the increase of aerodynamic work.
Case study
Labyrinth seal geometry
The aeroelastic stability of the labyrinth seal is predicted by the energy method. The structure of the model is shown in Figure1. The model is a four-tooth straight-through labyrinth seal consists of rotor and stator parts. The seal clearance is 0.5mm. It was pointed by Alford [2] that rotor seal had failed when supported at entrance side (high pressure side and upstream). So the boundary condition of supporting at entrance side was investigated. 
Modal analysis
The following Figure 2(a) shows the finite element mesh model of the labyrinth seal for calculating the natural vibration characteristics. The number of nodes in the model is 70800, and the grid is extruded to 120 layers in the circumferential direction. The labyrinth seal is supported at the inlet high-pressure side and its natural vibration characteristics under the rotating condition are calculated. For a short thin-walled cylinder structure, such as labyrinth seal, the main vibration displacement is at the radial direction. The modal shapes of the labyrinth seal are obtained by finite element modal analysis, and the vibration displacement obtained by modal analysis can be interpolated to the fluid-structure coupling surface of the fluid domain by the developed data transfer algorithm. When the displacement interpolation is completed, the unsteady analysis of the cavity flow field is conducted by moving mesh technique under the displacement oscillation of the coupling surface. The steady-state analysis of the flow field is taken as the initial field of unsteady analysis to accelerate the convergence rate.
Steady flow simulation
The three-dimensional model is used to calculate the steady-state flow characteristics of the labyrinth seal cavity. In order to simulate the pressure ratio in this application, the fixed outlet pressure is set as the normal atmospheric pressure, and the total inlet pressure is adjusted for different pressure ratio from 1.2 to 3.6. The wall boundary is set to adiabatic and smooth. The ideal gas is selected as working fluid.
Figure3 lists Mach number and total pressure contour of the labyrinth seal. There are obvious stratification phenomena in the process of airflow passing through the teeth of each cavity. The upper part is the jet area and the lower part is the turbulence area. When the airflow is blocked by the tooth surface, a whirlpool is formed in the tooth cavity. The Mach number of the vortex flow close to the seal surface is higher and the Mach number of cavity center is the smallest. During the process of airflow passing through each seal, the pressure decreases gradually, and the pressure drop of the airflow through the first tooth is the largest. 
Results and Discussions of Energy Method
The unsteady flow analysis is carried out by setting the labyrinth seal to vibrate with specified frequency and mode shape. The results of steady flow analysis are taken as initial conditions. The coordinates of the mesh nodes at the specified coupling surface of the flow field are set to oscillate with the law of sinusoidal motion.
The unsteady aerodynamic force and the displacement at each time step of the coupling surface in the flow field are derived for data post processing. And then the unsteady aerodynamic work and modal aerodynamic damping ratio in one vibration period are calculated. Figure 4 shows the aerodynamic work and modal aerodynamic damping ratios for 3~6 nodal diameters mode shape. By the definition of the energy method, negative aerodynamic work in a cycle indicates that the energy of labyrinth seal continuously release into the gas and the structure is stable.
Correspondingly, the positive modal aerodynamic damping ratio and negative aerodynamic work indicates that the aerodynamic damping of the labyrinth seal is consuming energy. It can be seen from Figure 4 that the aerodynamic work of the labyrinth seal changes almost lineally with the pressure ratio under different nodal diameter modes. When the pressure ratio is relatively small, the aerodynamic work is negative and the structure is stable. When the pressure ratio increases to a certain extent, the aerodynamic work will change from a negative value to a positive value and the structure becomes unstable. The aeroelastic stability of the labyrinth seal varies with the operating conditions. There are some differences in aeroelastic stability under different vibration modes. It can be seen that the 3 nodal diameters mode has better stability and the 5 nodal diameters mode is more prone to aeroelastic instability. In this paper, the aeroelastic stability of the labyrinth seal is predicted by the energy method. The influence on the aeroelastic stability of the labyrinth seal under different working conditions and vibration modes is investigated. The effects of the relative thickness of the tooth tip, the width of the seal cavity and the eccentricity of the rotor on the aeroelastic stability of the labyrinth seal are also studied. The conclusions are as follows:
The weak coupling calculation method based on energy method can analyze the solid domain and the fluid domain model separately, and transfer the displacement through linear interpolation, so that the calculation is simplified greatly. The vibration characteristic of labyrinth seal is similar to the short cylindrical shell that the radial displacement plays a major role. When supported at entrance side (high pressure side or upstream), the largest radial displacement is at the discharge side. However, the pressure at entrance side is higher. The aeroelastic stability of labyrinth seal can be solved at different natural frequency and working conditions. When the pressure ratio of the model increases, the area of the positive aerodynamic work of the coupling surface enlarges, resulting in the decrease of the aerodynamic damping ratio.
